We show that the character variety for a n-punctured oriented surface has a natural Poisson structure.
Introduction
Let X be a compact connected oriented surface. Given any real or complex reductive Lie group G, the character variety R(X, G) parametrizes the equivalence classes of completely reducible G-homomorphisms of the fundamental group of X. Alternatively, R(X, G) parametrizes the isomorphism classes of completely reducible flat G-connections on X. It is known that R(X, G) has a natural symplectic structure; this symplectic structure was constructed by Atiyah-Bott and Goldman in [3] , [8] respectively. Fix finitely many points {x 1 , · · · , x m } of X, and fix a conjugacy class C i in G for each x i . Let R(X 0 , G) be the character variety for X 0 = X \{x 1 , · · · , x m }. Let R(X 0 , G) C ⊂ R(X 0 , G) be the locus of all flat G-connections on X 0 for which the local monodromy around each x i lies in the conjugacy class C i . It is known that this subset is equipped with a natural symplectic structure [5] , [6] . When G is a compact group, and X is equipped with a complex structure, then R(X 0 , G) C is the moduli space of semistable parabolic G C -bundles [14] , where G C is the complexification of G.
We prove that R(X 0 , G) has a natural Poisson structure (see Section 3.2). The above submanifolds R(X 0 , G) C of it equipped with symplectic structure are the symplectic leaves for this Poisson structure. Let X 0 := X \ D be the complement. Fix a base point x 0 ∈ X 0 . For notational convenience, the fundamental group π 1 (X 0 , x 0 ) will be denoted by Γ.
Let G be a connected reductive algebraic Lie group, which is defined over R or C. This implies that the Lie algebra g := Lie(G) admits a G-invariant nondegenerate symmetric bilinear form. Fix a G-invariant nondegenerate symmetric bilinear form B ∈ Sym 2 (g * ) .
(2.1)
Consider the character variety
where Hom(Γ, G) 0 ⊂ Hom(Γ, G) is the locus of homomorphisms with completely reducible image. We note that the points of R correspond to the equivalence classes of homomorphisms ρ : Γ −→ G such that the Zariski closure of ρ(Γ) is a reductive subgroup of G.
Take any homomorphism ρ : Γ −→ G. Let E ρ G −→ X 0 be the corresponding principal G-bundle on X 0 equipped with a flat connection. We briefly recall the construction of the flat bundle E ρ G . Let q 0 : ( X 0 , x 0 ) −→ (X 0 , x 0 ) be the universal cover of X 0 for the base point x 0 . The total space of E ρ G is the quotient of X 0 × G, where two points (x 1 , g 1 ) and (x 2 , g 2 ) of X 0 × G are identified if there is an element γ ∈ Γ such that x 2 = x 1 γ and g 2 = ρ(γ) −1 g 1 (the fundamental group Γ acts on X 0 as deck transformations). The projection of E ρ G to X 0 is given by the map (x, g) −→ q 0 (x). The action of G on X 0 × G given by the right-translation action of G on itself produces an action of G on the quotient space E ρ G , making E ρ G a principal G-bundle over X 0 . The trivial connection on the trivial principal G-bundle X 0 × G −→ X 0 descends to a flat connection on the principal G-bundle E ρ G . This flat connection on E ρ G will be denoted by ∇ ρ . The flat connection ∇ ρ induces a flat connection on every fiber bundle associated to the principal G-bundle E ρ G . In particular, it induces a flat connection on the adjoint vector bundle ad(E ρ G ) associated to E ρ G for the adjoint action of G on the Lie algebra g. This induced flat connection on ad(E ρ G ) will be denoted by
3) be the locally constant sheaf on X 0 given by the sheaf of covariant constant sections of the vector bundle ad(E ρ G ) for the flat connection ∇ ρ . It is known that the tangent spaces of R defined in (2.2) have the following description: For any ρ ∈ R, [3] . Since X 0 is oriented, this gives the following description of the cotangent space:
5)
where H i c is the compactly supported cohomology [6] , [8] , [5] , and ad(E ρ G ) * is the dual local system. The pairing between H 1 (X 0 , ad(E ρ G )) and H 1 c (X 0 , ad(E ρ G ) * ) is constructed in the following way:
The bilinear form B in (2.1), being G-invariant, produces a fiberwise symmetric nondegenerate bilinear form B ∈ C ∞ (X 0 , Sym 2 (ad(E ρ G ) * )). This section B is clearly covariant constant with respect to the flat connection on Sym 2 (ad(E ρ G ) * ) induced by the above flat connection ∇ ρ on ad(E ρ G ) associated to ρ. In other words, we have B ∈ H 0 (X 0 , Sym 2 (ad(E ρ G ) * )) ; note that Sym 2 (ad(E ρ G ) * ) coincides with the local system on X 0 defined by the sheaf of covariant constant sections of Sym 2 (ad(E ρ G ) * ). Consequently, B produces an isomorphism of local systems
(2.7) Combining (2.5) and (2.7), we have
For any sheaf F on X 0 , there is a natural homomorphism H 1 c (X 0 , F ) −→ H 1 (X 0 , F ) given by the inclusion homomorphism of the corresponding sheaves. In particular, we have a homomorphism 
where Φ ρ is the homomorphism in (2.9); the isomorphism in (2.7) has been used in (2.10). The lemma follows from (2.10).
The above pointwise construction of Φ ρ , being canonical, produces a section
We will show, in the next section, that this Φ defines a Poisson structure on R.
3. Poisson structure on R 
is equipped with a symplectic form. To prove this, let
be the dual of the inclusion map V x ֒→ T x M, so ϕ is surjective. We will prove that ϕ vanishes on the subspace kernel(Θ
, then v(Θ x (w)) = 0 for all w, implying that v(V x ) = 0. So ϕ vanishes on kernel(Θ x ), and hence it descends to a homomorphism
Since ϕ is surjective, it follows that this ϕ x is also surjective. This implies that the bilinear form ϕ ′ x is nondegenerate. So, ϕ ′ x is a symplectic form on V x . The section Θ is a called a Poisson structure if the Schouten-Nijenhuis bracket [Θ, Θ] vanishes identically [1] . An equivalent formulation of this definition is the following: Given a pair of C ∞ functions f 1 and f 2 on M, define the function
Then Θ is Poisson if and only if
Let Θ := T * M −→ T M be the homomorphism given by Θ, so Θ(x) = Θ x for every x ∈ X.
The following proposition is in the literature already. For example, see Proposition 1.8 and Remark 1.10 of the notes [15] from E. Meinrenken's 2017 graduate course on Poisson geometry. However we have included a proof for completeness. 
Proof. If Θ is Poisson, it is standard that the above two conditions hold. We shall prove the converse. Let h be a smooth function defined on U such that h| L = f | L . We will prove that {f, g} = {h, g} .
(3.4)
Note that f − h vanishes on L. For notational convenience, denote the function f − g by δ. To prove (3.4), consider the function {f − h, g}. For any y ∈ L, we have {δ, g}(y) = dg(y)(Θ y (dδ(y))) = −dδ(y)(Θ y (dg(y))) , (3.5) where Θ y is constructed as in (3.1). The pullback of the 1-form dδ to the submanifold L ⊂ U vanishes identically because the restriction of δ to L is identically zero. On the other hand, the tangent vector Θ y (dg(y)) ∈ T y U lies in the subspace L y ⊂ T y U (recall that L y = Θ y (T * y M)). Therefore, we have dδ(y)(Θ y (dg(y))) = 0 .
Hence {δ, g}(y) = 0 by (3.5) . This proves (3.4) .
In view of (3.4) to prove that the Poisson bracket {−, −} satisfies the Jacobi identity in (3.3) , it suffices to show that the Jacobi identity is satisfied by the Poisson bracket operation on functions on a leaf L, where the Poisson bracket is defined using the nondegenerate two-form on the leaf given by ϕ ′ L . But condition (2) in the proposition says that ϕ ′ L is symplectic on a leaf, and hence the Poisson bracket on a leaf satisfies the Jacobi identity. This completes the proof of the proposition.
3.2.
Application of the criterion. Using Proposition 3.1, it will be shown that Φ constructed in (2.11) is a Poisson structure on R.
Consider the homomorphism Φ 1 : T * R −→ T R constructed from Φ in (2.11) as follows:
v
for all v, w ∈ T * ρ R and ρ ∈ R. So, Φ 1 (ρ) : T * ρ R −→ T ρ R, ρ ∈ R, coincides with the homomorphism Φ ρ in (2.9). Therefore, the image of Φ 1 corresponds to the foliation on R given by loci with fixed conjugacy classes for the punctures {x 1 , · · · , x m }. In particular, the distribution Φ 1 (T * R) is integrable; so the first condition in Proposition 3.1 is satisfied. On each leaf the two-form is symplectic [6] , [5] , [8] ; so the second condition in Proposition 3.1 is also satisfied.
Extended moduli space
It is shown in [7] (Theorem 4.3) that the quotient of a symplectic manifold by a group action preserving the symplectic structure is a Poisson manifold. We may apply this to the symplectic manifold given in Section 2.3 of [13] (the extended moduli space, which is a symplectic quotient of the space of all connections on a vector bundle over an oriented 2-manifold by the based gauge group). The symplectic structure on the extended moduli space is given in Section 3.1 of [13] .
In this section only, let G be a compact connected Lie group. The extended moduli space M ext may be written as the push-out of the Lie algebra of G and the space of representations M = Hom(Γ, G) of the fundamental group Γ of a surface with one boundary component, where the map from the Lie algebra to G is the exponential map, and the map from the space of flat connections to G is the holonomy around the boundary component. In the case of one boundary component, this is summarized by the following commutative diagram. Let M be the space Hom(Γ, G). The symplectic structure is defined in [13] in terms of gauge equivalence classes of flat connections. The map Hol denotes the holonomy of the connection around the boundary component. The symplectic structure on Hom(Γ, G)/G is described from the point of view of representations of the fundamental group Γ in the work of Goldman [8] , [9] .
At a regular point, the extended moduli space is a cover of the representation space Hom(Γ, G) with fiber the integer lattice of G (the kernel of the exponential map).
For the case of multiple boundary components, we refer to Hurtubise-Jeffrey [11] , Hurtubise-Jeffrey-Sjamaar [12] and Huebschmann [10] .
